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REPORT 1262 

THEORETICAL AND EXPERIMENTAL INVESTIGATION OF THE EFFECT OF TUNNEL WALLS 
ON THE FORCES ON AN OSCILLATING AIRFOIL IN TWO-DIlMENSI[ONAL 

SUBSONIC COMPRESSIBLE FLOW l 

SUMMARY 

This report presents a theoretical awl eqerimeutal i~rwvti- 
gation of the effect of wind-tunnel walls on the air jot,crs on an 
oscillating wing in, two-dimen.sionaL subsonic compt,rssiblP 
flow. A method of solving an in.tegraL equ.ation which t&trs 
the downwash on a win.g to the unknown loa.ding is gi/!rjl, a,rjrl 
som.e comparisons are made between the theoretical results a,ntl 
the expeknental results. A resonance condition, which wa,s 
predicted by theory in a previous report (NACA RP~). 1150), 
is shown experimentally to exist. In addition., application of 
the analysis is made to a. number of eza,mples in ordar to illus- 
trate the in$uence of walls due to varia.tions in frque~~cy oj 
oscillation, Mach number, antb ratio of tunnel h,right to wijlg 
semichord. 

INTRODLJCTiON 

In the evaluation of results obtained by mensurcmcnt of 
the forces on a wing in a wind. tunnel, the question of t I\c 
effect of the t,unnel walls arises. In tile case of steady tlo\\ 
the problem has been estensivcly invest igntcd and, ill gcn- 
eral, relatively simple factors have been dctcrmilictl wliicll 
can be used to modify measurements of t hc forces 011 a. wing 
in a tunnel to correspond to free-air conditions. Howew, 
the corresponding problem of the tft’rct of walls OII a11 os- 
cillating airfoil has receivecl relatively little nttcnt ioll, par- 
ticularly in the case of compressible flow. TIw present 
report concerns the wall effects in the oscillating C:LW and 
treats the problem in two-dimensional subsonic. comprcssiblc 
flow. 

In incompressible flow, theoretical treatmcllts of wall 
effects on oscillating wings have been made by scvcral in- 
vestigators and reportecl in references 1, 2, ant1 3. Thcsc 
investigators have shown generally tllat tile t uunel-wall 
effects are a masimum for sonic small vnlucs of t llc Ictlucctl 
frequency and that the wall effects hcome ncgligil)lc as the 
reduced frequency is increased. Estcnsiou of the t hrolct.icnl 
treatment of the problem to include the eflccts of comprcssi- 
bility of the fluid has been reported in rcfcrcllcc 4. 111 tllis 

rcff2rciice, it is sl~owii that, in ncltlitiori to the large effrct 
llotrtl at. low valurs of tllc rctlucctl frcqucncy, iinclcr certain 
rontlitions, lnrpc cflrcts of the walls may br encountered at 
higher values of t Ilc rctluc~l frcquellcy. These effects are 
tlur to nil acoustic rcsoilniit plicnomenon which occurs when 
a tlisturbnnrc from tlic oscillating wing is reflcctccl from the 
tullncl wall back to the wing wit11 such a plinse relationship 
that it rriuforccs a succccdiiig disturbance. 

In rcfcrclicc 4, the problcrn was espressed as an integral 
equation which rclnt cs the 1~1low1l tlow~lwash distribution 
over the airfoil to the u~~known lift, distribution. One pur- 
posr of the present report is to discuss further the integral 
cquntioii nlltl to tlcmoiistrnte a method of solving it. A 
sc~ontl purposr is to prcsellt some results showing wall effects 
calculntrtl I~!- this pro~dui~~ alid, iii some cases, lo compare 
the cnlculatctl results with esperimcntal results. This phase 
of thr invcstigntioll is given in three parts: (I) A comparison 
bet w(lcI1 :Ill:l.l>.t icall!- nlltl rsperimcntnllJ- determinctl values 
for tlic lift ant1 momc‘nt on a. wing oscillating in pitch at 
se\-rrnl sul)sollic JInch numbers; (2) an ana.lytical study of 
the rff’cc*ts of ;I \-nrintioll iii 1lnch number for a const.a1lt~ ratio 
of tuniu21 hciglit to wilig scmic~hortl; a,ntl (3) an analytical 
stu(l?- of the cfi’ccts of a variation in the ratio of tunnel height 
to wing scmic*hortl. Portions of this material have been 
rcportctl prcviousl- in rcfercncae 5 and are included in the 
prcsciit report iii order to provide a more cstensive and 
unifictl presciitntioii. 

As a slyly, the iut cgrnl equation for the downwash on a 
wing 0sGllnting betwee walls in a compressible medium is 
1~~lu~et1 to tlic zero-frrquenc>~ condition and is given in the 
nppc~~tlis. ‘1’1~ resulting espression is in agreement with 
steiNI\--state l’csrllts. 

The cnl(*ulatioll proc*etlure nut1 the results cont,ained in this 
report arc of sigiiifcallce for such problems as the esperi- 
mental mcasur~mciit of the forces on an oscillating airfoil, 
the cletcriniiu~tioi~ of wing-flutter characteristics in wind 
tu~u~cls, a~~1 also in certain possible t,ypes of flutter of airfoils 
in cascntlc. 
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SYMBOLS 

velocity of sou1~1, ft/scc 
cocfficicilts ill srrirs csprcssion fol 

lift tlistributioii (cq. (IG)), where 
n=Q, 1, 2, . . 

wing semichord, ft 
displaccmci~t, of wing in vertical 

translation, ft. 
height, of tunnel, ft 
height. of tululcl referred Lo wing 

semichord 
Hankcl fun\ctions of the second kind 
rctlucctl-E~~ec~oc~~c~ parameter, bw/lJ 
kernel of integral equation 
lift distribution, lb/ft/unit span 
aerodynamic lift force per unit8 span 

due to pitch 
aerodynamic lift. force per unit span 

due to translation 
aerodgnamic moment per unit span 

clue to pitch 
atrotl~namic moment, per unit. span 

due to translation 
Mach number, U/cc 

Ii,,== J(x-xo.12+p2(.d~)2, whcrc n=l,2,3, . . . 
stream velocit>T in cliortlwisc direc- 

t,ion, ft/sec 
vertical intlucec’ velocity (pcrpen- 

tlicular to choral), ft/scc 
axis of rotation measured from mid- 

chord, positive rearward, based on 
semichord 

Ca.rtesian coordinates 

a 

p= J1 -~A4 
Ix-x01 

E=-m 
o= --cos-‘L 
oo= -cos-‘so 

Mk 
PL=F 

4 =t, 

4 ‘II, 

dJ df* 

w 

angular displacement of wing in 
pitch, radians 

fluid density, slugs/cu ft 
phase angle between lift force and 

position of pit thing wing, deg 
phase angle bctmecn lift. force and 

position of translatiiig wing, dcg 
phase nnglc bctwecn moment and 

position of pitching wing, dcg 
phase angle between moment and 

posit ion of translating wing, tleg 
circular frcquencp of oscillation, 

ratlians/sec 
circular frequency at ~~c~onancc, 

radia,is/sec 

Al) p~ssure difl’ercnce between upper 
ant1 lower surface, lb/q ft 

Primed quanlitics refer to a willg in free air. 

ANALYTICAL INVESTIGATION 

This section is conccrnctl with the development of a methocl 
for solving the integral equation, originall)- derived in refer- 
ence 4, .wliicli relates the tlwn-nmash to the loacling on an 
oscillating .\ving. The basics integral equation and its kernel 
is given II-\- equations (1) and (2). Reduct,ion of the kernel 
is made in equations (3) to (10). Alternative series expres- 
sions for the kernel which n.rc suitable for numerical computa- 
t.ion art given by equations (11) to (15). The loading on the 
wing is given by equation (16), t.he downwash expression b3 
equations (18) and (19), n.nd finally the lift and moment 
esprcssions by equations (20). 

THE INTEGRAL EQUATION AND ITS KERNEL FUNCTION 

The integral equation.-The integral equation of reference 
4 for the vertical velocity or downwash of an oscillating airfoil 
bctwecn pln.nc walls may be written as 

w(,)=“b; S l L(zo)[K(A~,,)+K(nl,2:,H)]dzo 
PUZ -1 

(1) 

wlicrc W(X) is t,lie known vertical velocity (or known motion 
of the wing) and I,(Q) is the unknown lift, distribution or the 
loca.1 st.rcngth of a distribution of oscillating pressure doublets. 
The functions wi-ihin t’hr brackets comprise t,he kernel func- 
tion of tlie integral equation and appear formally as 

@a) 

The first funclion K(M, z) corresponds to t,he kernel for the 
frcbr-air condition as gi-vrn b>- Possio (ref. 6). The second 
funciion K(M, z, N), containing the infinit,e summation, is 
tlir additional part. of the kernel arising from the effect 
of the wn.lls. Physically, a kernel function represents the 
contribution to the vertical ve1ocit.y at a field point due to a 
pulsating prcssurc doublet. of unit strengt,h located at any 
other point. in the ficltl. For the particular case represented 
b.,. equations (a), the kernel fmlction gives -the vert,ical veloc- 
it,>- in the plane of a wing located in t,he center of the tunnel. 
Thr expression K(A& z) gives the downwash of a doublet in 
;lie plnnc of the wing, whcrcas the expression K(M, z, H) 
givcbs the tlD,vnlvash tluc to t.hc system of images which mathe- 
.naticnlly represents the -walls. 

Reduction of the kernel function-The integrals contained 
i~i the csprcssions for the kernel function in equations (2) are 
i npropcr bccausc they have an infinite limit and also be- 
causr! n.t certain points, the integrands become singular. 
This srciion is conccrnctl -with the reduction of these integrals 
t.o a form more amenable to comput.ation. 
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By making use of the fact that the Hankel functions in equations (2) satisfy the idetltit,y 

there is obtained for the downwash 

&f 2k2 -S .c-q 
ik{ e@2 Ho”’ :Ifk 8 m., 

p2 -m 8’, p+/3’(y-nH)’ 1 >> dE dx, 

3 

(3) 

(4) 

The integrals of equat,ion (4) that contain partial dcrivntivrs of Haukel functions can be integrated twice by parts to 
obtain 

The last integral of equation (5) may be writt.en in two parts 
as 

2 (-1)” s:: es ‘HoQ) [F ,/~“+fl’(y-nH)’ 1 d,$ 
may bc replaced hy tlir vertical distance flnH of the image 
abo.ve the airfoil. Of course, this approximation does not 
hold for 1Iach numbers close to or equal to unity. With this 
approximation, tllc seconcl integral of equation (6) can be 
esprcsscd as 

The first integral on the right-hand side of equation (6) will 
be left temporarily in integral form and will be trcatctl in the 
following section. (See evaluation of S3 following eq. (13).) 

The second int,egral on the right-hand side of equation (6) 
has not been integrated in closed form; however, in wind- 
tunnel problems it can be handled conveniently by approsi- 
mate methods. (An alternative means of treating tllis inte- 
gral, which avoids the approsimat,ion but is somcwllat more 
tedious, will be indicated in the discussion follon-ing ccl. 
14(c).) A practical assumption which is oft,en matlc ill the 
analysis of the eflect of wind-tunnel walls is tllat the tunnel 
height is consiclered large compared with the wing srniic~liortl. 
With this assumption the argument of t,he Hnnkel function in 
equation (6) can be written as (in the limit as y+O) 

provided that &H <l . 

This approximation implies that the n.irfoil images, and, 
particularly the closest image n=l, are a sufficient distance 
from the airfoil so that the actual distance -\/~~+fi~(&)~ 

=Z’-’ 
ge+~‘-l] (7) 

ant1 thcsc rquations may be used to express equation (4) as 

w(x)= ,“c”: 2 S ;, f&r:,) [WA*, z) + K(A4, z , H)] dxo (8) 
\\dltT~ 

-H,“~(r~~,i+“M~x~xo~)H,~2~(~~o) + 
1x-Q 1 

n.ncl 

iP' +J’ eiuHo(2)(M~r~)du]} (9) 

ike(-1)” 
m -fit 

e ,9"H0(2) 
II = I S 0 

$&‘(2+p’(nH)2] dt + 
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Equation (S), togctllrr wit11 ttw tlcfitlitiotl of cquntious (9) 
and (lo), permits thr tlctciminntioll of the cfYcct of tunnrl 
walls on n lift, distributioi1 L(0,) for 3 given rlownwnsl~ distri- 
bution 20(.1:). T11c intcglnl c~qu:i.tioil for tllcb cilsc of no tunilcl 
wvalls c~licrtrs tlw results of Possio (wf. G). For the cnsc with 
walls n,ntt for thr limitiilg stcacly-flow cnsr of zero frcqucncy, 
it is possible to obtnill n mat IIrmat id c*lwck with SOJJW 

csistillg Irslilts; ttlis ~ticc.t< is sl~o\vti iii tllc nppc~ntlis. 
Alternative series expressions for kernel.--;Uthough the 

fol~nl of the I<crnrl K(M, Z,IZ) , givrtl tw cquntioil (lo), could 
bc usctl for cnlwlntioti, nltc~rliutivr Swics wllich arc mow 
Iligldy convcrg~tll. mny bc iisctl niltt nrr givcii in this swtion. 

The t~cn~cl li(f\/r, z,II) is tile SUJJI of four il$mitc series 
which can 1x2 written ns 

Series S, may bc evnluntcd by utilizing t,he expression for 
S, (ccl. (la) j and intcgwting the result,ing expression to 
obtain 

(14b) 

(11) I 1, klp? __ 
q /v- - 

t14cj 

nlicrt the S,L’s dcnotc. ttic intlicntctl infinite summatiolis of ; I nd, (A+ l)--4@ 

qiintioll (10) and tlw C7,!‘s tlw wspccti\-e mliltiplicrs. 
scric% S, and ~9~ of cqun.tion (1 I) ~nny lw piIt, in a mow it is of iJlkl.CSt to JlOtC that. scrics S, may be employed in 

rapidly convcrgpnt form acroiding to Infcltl, Smith, .antl an nltcrnntivc means of integrating equat,ion (7). For 

Cliicn (ref. i). \Vhrn t.hc vwiabtcs 1) nnd E a.1~2 introdricctl, npplicalion to wind-tunnel problems, where the ratio of 
/ tunnel height to wing semi~liorcl is sm,?11, or in application 

,-,eJ(%--I)‘---I/,? 

1’(2n-l)e-4p2 
--aZio”‘(27y~) 1 

and 

(12) 

(13) 
\vh~re Euler’s constnnl r=0.577215. 

t,o cn.scntlc problems, t,lic npproximnt.ion employecl in integrat- 
ing cquntion (7) bccomrs less v&l. It, is possible to avoid 
the USC of the approximation by writ.ing the integral of 
equation (7) in a form which is identical to t,hnt of equations 
!14nj and (14bj wit.1~ the esccption of the upper limit. The 
int;cgrnl containing the Ha&cl function can be evaluated 
by employing the tnblcs of Schwnrz (ref. S). The second 
intcgra.l, containing only an erponent.ial t.erm, can. be in- 
tegrated in closctt form, n.s \\-a.~ tlonr to obta.in cquat.ion (14~). 

ScGs S, may bc cvn.luntcd in a direct, manner bv emplov- 
ing t,nblcs of 
Kllucs of tt1c 

. ” -” 

tile Hnnl~cl function and by using for large 
nrgumc~nt, ttw npprorimntion 

Wit,11 ttlc nit1 of scrics S,, &, S,, and S,, the l<ernel K(M,z,ZY) 
may bc waluatcd. 

METHOD OF SOLUTION 

A mcthocl of using equation (8) to dctcrmine the aero- 
dynamic foiws on n wing oscillating in ttic presence of plane 
~~11s is ~10~ discussed. ‘l’hr method under consideration is 
ow of collocntinn similar to that used by Possio (ref. 6) 
and Frnzcr (wf. 9) for tllr NSP of no walls. The approach 
involves the nssumption of an n.pproprintc series expression 
for the lift disti.ibution, substit,ution of this series in the 
intcgrsl cqun.tion for the downwa~t~, mcl ca.lculation of the 
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downwash at arbitrarily selected points on t,he chord (con- 
trol points). Thus equation (8) is reduced to a set of simul- 
taneous equations, the unknowns of which are the cocfficicnts 
of the assumed expression for the loading. 

Expression for the loading.-The esprrssion \vbich is 
assumed for the lift distribution is a trigonometric scrirs 
expansion which satisfies the Kutta condition at the trailing 
Piige and which has the proper type of singularity at tllc 
leading edge. This expression is 

Lb01 
-p~=Ao cot $+g A,, sin ?QJ,=L(Q 

I 
(1G) ( 

a=1 

where x0=-cos 19, and the An’s are u~d~~~on~~~ cocfficicnts 
to be determined in accordance with the downwash ,w(.x), 
which is known from the motion of the wing. It is desir- 

I able to rewrite equation (8) in terms of the variable B,, 
as follows: 

The first integral on the right-hand side of equation (Ii) 

is the integral expression first derived bp Possio (ref. 6) fol 
the condition of no walls. Its solution has hccn trcntrd by I 
several investigators (see, for example, ref. 9) and will not 
be discussed herein. It can be espressed entirely in terms I 
of the unknown coefficients A, of equation (16). The scc- 
ond integral of equation (17) may be evaluated by the use 
of equations (12), (IS), (14), and (15). 

Determination of the aerodynamic forces.-The intcgrnls 
of equation (17) are determined for a selcct.cd number of 
control points and equated to the expression for the down- 
wash. The expression relating the downwash to the motion 
of a wing translating (h) and pitching (a) about an nsis i 
located at ZC~ is 

W(x)=~+Un+b(z-x4bi (W 

or, with the assumption of harmonic mot,ion, 

$$=;I, ;+[l+ik(r-~,)]a (19) 

Equation (19) is used to calculate W(X) for ralucs of .): np- 
propriate to each of the selected control points. A set of 
simulta.neous equat,ions ca.n then be writ,ten, t,he number of 
which corresponds to the number of control points Employed 
and (conveniently) to the number of terms rctniucd in the 
series for L(eo). The unknown coefficients may now lx 

determined by solving these simultaneous cquntions. The 
total lift and moment about the midchord are givrn in terms 
of the coefficients A,, through the relations 

-L”=;(Ao+;A,) ?rpbD’” I 
AZ=; PO+; A,) 

(20) 

, 

I 

Effect of the number of control points considered.--811 
investigation was made of the numhcrof terms of the series for 
the lift. distribution (cq. (16)) and thus of the number of 
control points required to obtain satisfactory accuracy. 
Calculations KCI’C performed for a particular case by in- 
crcn.siug tile numhrr of control poink and the number of 
terms of tile loading srrirs until the solutions mere in reason- 
able ngrccmcnt. For the case considered, tllrec terms of 
the srrics for the lift. and three control points at the quarter-, 
half-, nd tlllrc-q~~nrtcI-cl~ord positions gave satisfactory 
mu1t.s. ‘l’hc considcrntion of two additional control point.s 
at tllc lending and trailing edges, t.ogetller with two addi- 
tional trrms of the lift scrics, made no significant change in 
the results. For ltigll vnlucs of t,hc reduced-frequency 
pnramctcr k, tllc USC of additional control points might be 
11rccssnry. 

Thr procrclurc j (1st discussed involves consideration of a 
continuous distribution of pressure doublets over t.he chord. 
Calculations rrquiring much less computing can be made by 
considering the chordwise loading to be concent,rated in a 
single doublet loratrd at. the quarter chord aud by satisfying 
the downwash at the three-quarter chord. In the case of 
the lift,, this approach has been found to give fairly good 
agrremrnt with the rrsults of the more elaborate calcula- 
tions csccpt in the vicinity of tlic resonant frequency. 

THE ANALYTICALLY INDICATED RESONANCE PHENOMENON 

Two-dimensional tunnel.-By csamination of equations 
(12) and (1:3), it may hc seen that the series S, and SZ become 
infinite wllcn 

4p?= (2?2- l)? 
or \v11rrc 

wJ7 
-=a/3(2rz-I) 

(1 
(n=l,2,3, . . .) (21) 

At tllcsc critical vnlurs of tllc frequency pa.ra.meter, t,lie 
exprrssion for thr kcrncl K(M,5,H) (eq. (11)) becomes 
infinilr for all \-nlucs of .6. Physically, t.his condition 
represents n r~5onancc in tlie tunnel involving a transverse 
oscillntion of tlir moving air betwren t,lie walls. 

The fundnmrnt.al or smnllcst critical values of UP/~ 
corrrsponding to II = 1 in rquation (21) are shown plotted as 
functions of JIncll number k! in figure 1. Equation (21) 
and figure 1 show that, finite values of the critical frequency 
esist for the condition M=O, u=O, and ~,#a. These 
conditions corrrspontl to a compressible fluid at zero velocity 
in thr tunnrl. As the Jln.ch number is inclrased, t,he 
crit,icill-flrclucllc~~ pn.rnmrtrr dccren.ses rapidly and becomes 
zero at n ;\la.ch numbrr of 1init.y. 

As indicntcd by rquation (I), the product of the lift and 
the krrncl function must remain rqua.l to the vertical 
vrlocitv OYW the wing; this velocity is defined by the motion 
of tllr wing nntl rrniains finite. Tllc product, of the lift and 
tllc kcrn~~l function can rrmnin finite only if the lift ap- 
proaches zero as tllc kernel becomrs infinite. This condition 
in the tunnel is ni~nlogous to the well-known case of a simple 
undnm~~rcl-spi,iIig-mass system for which, at the resonant 
FIY~IICIW~, tllcorp predicts an infinite deflection of the mass 
occurrine even with a forcing function of small amnlitude. 
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Circular tunnel---A resonn.nce can also bc clemonst ra tctl for 
the infinite circular tunnel. The nature of the boundary- 
value problem, for this c.ase, makes it possible to separate 
variables; therefore, the governing partial-differential rqun- 
tion can be reduced to Bessel’s equation. (See, for inst.ance, 
ref. 10.) The resonant frequencies arc t,hen found as thr 
roots of the equation 

(n=O, 1,2, . . .) 

where J, represents the Bessel function of the first kind, D 
is the tunnel diameter, and pn is the root of the equation 

Jn’(p,) =0 

Values for pa for the first several modes are p,!= 1 .S4, ij.05, 
and 4.17. Note that, for a circular tunnel having a diametel 
equal to the height of a plane tunnel, the fundnmcntnl 
frequency is 3.6S/a=1.17 higher than resonant frequency 
in the plane tunnel discussed in this report. 

EXPERIMENTAL INVESTIGATION 

WIND TUNNEL 

The experimental part of the investigation of the effect 
of tunnel walls on the forces act,ing on an oscillating n.irfoil 
was conducted in the Langley 2- by 4-foot flutter research 
tunnel. For these tests, a rectangular test section having 
dimensions of 2 feet by 3.8 feet was usecl. This t.umnel is of 
the closed-throat, single-return type and employs either 
air or Freon-12 as a testing medium at pressures from 1 
at,mosphere down to about !d atmosphere. 

It has been shown previously that the resonant frequency 
varies directly as the speed of sound. Inasmuch as Freon-12 
has a speed of sound equal to about one-half that of air, the 
esperiments to be discussed were conducted in Freon-12 
so that the resonant frequency could be surveyed within 
he frequency limitations of the equipment. 

MODEL AND OSCILLATING MECHANISM 

Figure 2 is a schematic drawing of t,he test section with 
t.he model and oscillating mechanism installed. The model 
had a chord of 1 foot and an NACA 65-010 airfoil section; 
it completely spamled the 2-foot dimension of the test 
section. The gaps between the model and the tunnel wall 
were sealed by end plates which rotated wit.11 the model. 
The model, driven symmetrically from bot,ll ends, was 
oscillated in pitch about the midchord by a tlircct-drive 
eccentric-cam system powered by an induction motor with 
variable frequency supply. 

INSTRUMENTATION 

The lift and moment on the wing mere obtnilletl hy 
electrical integration of the output,s of 12 motlcl 4%TP 

Angle-Sattack adjustment 

Eccentric cam 

L-87584 

FIc;~.rtx 2.-Schcnmtic tlrauing of test sect.ion with ~nodel mcl oxcil- 
lating mcchniam iristnlletl. 

SACA milliut urc clcct rical pressure gages. The pressure 
ga.ges, which arc dtscribcd in considerable detail in reference 
11, wcr~ locatccl at the ccnt.cr of the span at 2.5, 5, 10, 15, 
20, 30, 40, 50, 60, 70, SO, and 90 percent of the chord. Each 
oame was arranged to iiidicat,e the differeiicc in 
LFwecn orifices on the upper and lower surfaces. 

pressure 
Elect,rical 

integration techniqircs used in t.hese esperimcnt,s are dis- 
cussed in rcfercncc 12. The so-called square-wave method 
of weighting was used; t.hat. is, t.he pressure indicated by 
each gage was assumed to represent the pressure acting 
over a portion of the chorcl estending one-half the distance 
to the nest gage hot811 forward nncl rearward. For example, 
the fraction of the chord assigned to the first gage was 3.75 
percent and to the sist,li gage was 10 percent.. Some of the 
implications of this method of integration will bc discussed 
in a subsequent x&on. 

The nngu1n.r displacement at, the midspnu position was 
inclicntctl by rcsisbncc-wire strain gages at.tached to a 
torque rod running t,hrough the center of t,he hollow wing. 
One rntl of the torque rod was fised to the center of the 
wing and t hr other end was fixed to t,lie tuluiel wall. 

A sc~hematic diagram of the instrumentation is shown in 
figure 3. The magnikle of tile vector representing the fun- 
clamentn.1 componrnt, of lift or moment, and angular displace- 
ment’ was inrlicat.ccl on nn alternating-current vacuum-tube 
volt,mct,er n.t.tached to t,he output of a variable-frequency, 
narrow-pa.ss-band filter. In essence, the filter performed 
the funct,ion of a Fourier analysis in that. both random com- 
ponents n.ncl higher harmonics were removed from the signal. 
In order t,o measure the phase angle between lift or moment 
and t.hc nngu1n.r displacement, the output of the filter was 
fed into a pulse-shaping circuit designed to convert the sinus- 
oida.1 signals into pulses corresponding in time to t.he “cross- 
over” points of tdlc original signal. The pulses were then fed 

378599-56-a 
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int,o all clcctronic cl~rot~ograpli that arcurulcly inclic~atlctl tlic 
t.imr intrrval bct,wcrn the lending pulse wllich slat%ccl the 
cl~ronogrnpl~ mtl t.lic lagging pulse whirli stopprd it. The 
ratio of t.his titnc interval to 111~ prrio(l of oscillation, when 
multiplied by :X0’, yields the phase angle in clcgrces. The 
period ant1 frcqucncy of oscillation wcrr tlctrtmined by start- 
ing and stopping the chronogrnpll willi tlic attgular-dis- 
placement signn.1. In otdcr t,o ttiinimijr.r t,lic effects of small 
tliffrrrnccs in rotnponrnts brtwcrti t,lic t,wo circuits, a “tare” 
switch was pt*ovitlctl which frtl a sit& signa. (the nngulat 
displacrtitctil) td1rottgli both circuits. Thr rrsitltittg phase 
nttglc rrprrsrntrtl the pliasc shift, ititrotlurcd by the filters 
and pulsr-shnpittg circuits. 

TEST CONI) ITIONS 

The Jlacll nruitbcr of the t,ests \vas varietl from M=O.S5 to 
M=0.7 and t,lic Rcynolcls ttutiil~t~r was held constnt\t at about 
5 X 10” by varying t,hc density. l’lir frrqttenc,y of oscilla- 
tion was varirtl from 0 to 60 ryrlrs per second, and t,he tnag- 
nitutlc of angular tlisplaci~mt~t~t was about 1.2’ esccpt fot 
soiuc lift c1nt.a nl M=O.‘il which was obtainrd n.t n.n nngulnt 
tlisplncctttrnt of n.hout 2.4’. 

DISCUSSION OF RESULTS 

‘J’lic thcoty ntitl calculation prorcdtire and thr rsprritncntnl 
t,eclrnique discussed previously for t,lie tlrtcrtnitiat.ion of t-lie 
forces acting on a wing oscillating brtwrrtt walls 11avc been 

npplied to a nuniber of specific examples. The investigation 
1la.s been divided into three parts: (1) A comparison is 
tnncle of analytical and experimental results obtained for 
the jift ancl moment on a pitching wing for several subsonic 
I\Iach numbers, (2) theoret,ical results for the eflects of a 
variation in ,Ilach number at constant tunnel height are 
given for a pitching wing and also for a wing undergoing 
verlical translat8ion, and (3) t,heoretical results for the effects 
of a variation in the rat#io of tum~el height to wing semichord 
are presented for particular values of Mach number. 

COMPARISON OF THEORY AND EXPERIMENT 

In figttlc 4 a comparison is made of analytical and esperi- 
mm t.a.1 results for n. wing oscillating in pit,& about, its mid- 
chotd. Figures 4 (a), 4 (b), 4 (c), ancl 4 (d) apply, respec- 
tively, to Jlarh numbers of 0.35, 0.5, 0.6, and 0.7. The 
results apply to a ratio of tttnnrl height t,o wing semichord 
H of 7.GO. 

Thr plols on tltc lrft-hand side of each figure show the 
magnit utlrs of tllr forcrs and nion~rt~ts as a function of the 
frrqucnry of oscillation, wllrrcas those on the right-hand 
sidr sl10w tlir corresponding pltnsc anglrs. The magnitudes 
arc prrsrtited as ortlinntrs in thr term of ratios IL,/L,‘I and 
~Al,/M,‘~. 111 tl lrse ratios, tltr quantities L, and Ma are, 
t~rsprclivrl~, t.lir lift. forcr ant1 tlic moment on a wing in a 
ttttu~rl; L,’ mltl Me’ arc tllc throrrticnl lift and the t,heoreti- 
ml momrttt on a wing in frrc air. The effect of the t,tmnel 
walls npprnts, tllrrcforr, ns a tlrvinlioti from unit.y of the 
ratios IL,/L,‘j nntl lil1JM~‘l 1 w lrn L, ant1 Mm are t,lte theo- 
rrt icall- tlrrivrtl forcrs mid m0tnrtit.s. When L, aid A% 
rrprrsrn t tllr rsprrimrtitnl forcrs and moments, t,he clevia- 
tion from unity mn.y not lx rotnplrtely at,t,ributecl to the 
rR’crt of tunnel walls brcnusr sttcll factors as airfoil thick- 
IMISS a.ntl viscosity mny cattsr deviation from the elemenkary 
t1lror.v. Thr abscissa in the figttrrs is the ratio of the fre- 
qttrnc~~ of thr pitcliing oscilla.tion to a frequency calculat,ed 
for tlir rrsonatt t condition. 

Esrrllrnt ngrrrmcnt brtwrtn theory ancl experiment is 
obtninctl for the pl~nsc angles, in most cases, for both the 
lift ant1 the moment. (Juan titatively, however, the agree- 
tiirllt, l~rtwrrti thror~- and rsprt~inient for the magnitucles 
of tlrr forcrs is Ilot. as good, a.ltdlough ver\- similar trends 
arc tlrn~ot~strntrd; in most, rasps, a systematic difference 
nppca.rs. Somr possiblr sourrrs of the clifferences between 
thror?. and rsprt?nicnt arc discussed in the following section. 

Examination of figurr 4 reveals that the t,heory predicted 
tlir rrsotiatt t flcqurticy vrry well. In all cases, the mini- 
mum lift and tnomrnt wrrr found to lie very close to the 
analytically indirated rcscman t frequency. Theoretically, 
thr lift. and moment reduce to zero at, the resonant condition. 
Under actual renditions, such ti:s finite tunnel lengt,h, trans- 
niissioll of rnergy tlit*oitgl~ the walls, nonlinearities at higher 
nmplitudcs, and turbulencr in the flow that, gives rise to 
damping, pure t’esonanrr is unobtainable. However, it 
may be seen by examining figure 4 (cl) that the lift a.nd 
momeii t, were rcducrd to 20 percent of the values awa- 
fro111 I’t’soI1(1l1ct’. 
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APPENDIX 

REDUCTION OF INTEGRAL EQUATION TO THE CASE OF ZERO FREQUENCY 

In this appendix, the integral equation for the downwnsl~ 
for a wing oscillating in a compressible medium in the pres- 
ence of wind-tunnel walls is reduced to the zero-frequency 
condition. 

If equation (1) of the text is written as 

can be reduced to the same form by making the approxima- 
tion that the airfoil chord is small compared with the tunnel 
height.. 
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